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Abstract. In this paper we investigate a new notion of bases in Hilbert spaces and similar to fusion 

frame theory we introduce fusion bases theory in Hilbert spaces. We also introduce a new definition 

QQ ■ of fusion dual sequence associated with a fusion basis and show that the operators of a fusion dual 

Cn ' sequence are continuous projections. Next we define the fusion biorthogonal sequence, Bessel fusion 

basis, Hilbert fusion basis and obtain some characterizations of them, we study orthonormal fusion 

systems and Riesz fusion bases for Hilbert spaces, we consider the stability of fusion bases under 

[•-f ' small perturbations. We also generalized a result of Paley- Wiener [13] to the situation of fusion basis. 

^' 

a 
P.: 

1. Introduction 

Frames for Hilbert spaces were first formally defined by Duffin and Schaeffer [6] in 1952 to study 
some deep problems in nonharmonic Fourier series, reintroduced in 1986 by Daubechies, Grossmann 
C""~~ I and Meyer [5] and popularized from then on. A frame is a redundant set of vectors in a Hilbert 

vQ ' space with the property that provide usually non-unique representations of vectors in terms of the 

P^ ' frame elements. Fusion frames which were considered recently as generalized frames in Hilbert spaces, 

^D ' were introduced by Casazza and Kutyniok in [3] and have quickly turned into an industry. Related 

approaches with a different focus were undertaken by M.Fornasier [7] and W.Sun [12], D. R. Larson 
et al.[10]. Bases, frames and fusion frames play important roles in many applications in mathematics, 
science, and engineering, including coding theory, filter bank theory, sigma-delta quantization, signal 
and image processing and wireless communications and many other areas. 

The main subject of this paper deals with fusion bases and resolution of the identity. The paper 
is organized as follows: Section 2, contains a new definition of fusion basis in a Hilbert space. In this 
section similar to basis theory we first establishes a simple criterion for determining when a complete set 
of closed subspaces is a fusion basis. Next we introduce the concepts of fusion biorthogonal sequence, 
Bessel fusion basis, Hilbert fusion basis and obtain some characterizations of them. In Section 3, 
we study orthonormal fusion bases and Riesz fusion bases for Hilbert spaces. We introduce a new 
definition of Riesz fusion basis and then give some characterizations of orthonormal fusion bases and 
Riesz fusion bases. In Section 4, we study the stability of fusion bases under small perturbations, we 
also generalized a result of Paley- Wiener [13] to the situation of fusion basis. 
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2 M. S. ASGARI 

Throughout this paper, TL, JC are separable Hilbert spaces and I,Ij,J denote the countable (or finite) 
index sets and ttw denote the orthogonal projection of a closed subspace W oiH. We will always use 
TZt and A/r to denote range and the null spaces of an operator T S B{T-L,1C) respectively. 

Let W — {Wj}ji=j be a sequence of closed subspaces in 'H, and let A — {otj}je.J be a family of 
weights, i.e., Oj > for all j G J. A sequence Wa — {{Wj, aj)}j^j is a fusion frame, if there exist real 
numbers < C < D < oo such that, 

(1) C\\fr<J2a'^\\nwAfW<D\\fr forah/GH. 

The constant C, D are called the fusion frame bounds. If C = D = A, the fusion frame is A-tight and 
it is a Parse val fusion frame if C = D = 1, and it is a-uniform if a = a^ = aj for all i, j G J. If the 
right-hand inequality of (1) holds, then wc say that Wq is a Bessel fusion sequence with Bessel fusion 
bound D. 

For each sequence {Wj}j^j of closed subspaces of 'H, we define the Hilbert space associated with W 

by 

(2) (E®^^),. = {tebej|5, e W, and ^ ||5,f < cx)}. 
with inner product given by 

(3) < {/fc}fcGJ,{fffc}fcGJ >=^< fj^dj > ■ 

For more details about the theory and application of bases, frames and fusion frames we refer the reader 
to the books by Young [13], Christenscn [4], the survey articles by Asgari [1,2], Casazza [3], Gavruta 
[8],andHolub [9]. 

2. Fusion Schauder bases 

The concept of Riesz decomposition that we call fusion Schauder basis, was first introduced by 
Casazza and Kutyniok in [3]. In this section, we develop the fusion basis theory for Hilbert spaces. As 
a consequence wc generalized some results of bases to fusion bases. 

Definition 2.1. Let W = {Wj}jeJ be a sequence of closed subspaces of %, then W = {Wj}jeJ is 
called a fusion Schauder basis or simply a /-basis for "H if for any f (z H there exists an unique sequence 
{gj : gj G Wj}j(zj such that 

(4) / = Eff^' 

with the convergence being in norm. If the series (4) converges unconditionally for each / G H, we say 
that W is an unconditional /-basis. 

Example 2.2. For each iV G N, let "H = C^ and let {cijili be the standard basis of C^. If the 
subspace Wj C % defined by 

N 

Wj — span{ yj Ci}, 
for all 1 < J < A^. Then {Wj}^^^ is a /-basis for U. 
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Example 2.3. Let H = f{N) and let, {eJjgN be the standard basis of ^^(N). For each j £ N 
define the subspace Wj C 'H by Wj — span{e2j-i, e2j}. Then {WjIj^n is a /-basis for %, because if 
/ = X^iGN ^j^2j"-i + t^jG2j then it is easy to check that \j =< /, 62^-1 > and /ij =< /, e2j >■ 

Theorem 2.4. Let {WjjjeJ be a f -basis for U. Then dimU = EjeJ dimT4^j. 

Proof. Let {eij^nzj be an orthonormal basis for Wj for all j G J. We show that {eij}jeJ,ieJ is a basis 
for %. Since {eyjigj. is an orthonormal basis for Wj, hence every gj e Wj has a unique expansion of 
the form gj — X^iej < 5ji ^ij > ^ij- This implies that also every / G H has a unique expansion of the 
form 

This shows that dim 'H = Yl'jeJ ^™ ^i ■ ^ 

Corollary 2.5. Let {W^jjjej, {^}ie/ be f -bases for %. Then X^ie/'i™^^ — X^ie/'^™^- 

Let {Wj}j^j be a /-basis for "H, then every / G H has a unique expansion of the form / — X^ipJ dj' 
Hence it is clear that each gj G Wj is a linear operator of /. If we denote this linear operator by 
Pwj '.v. ^Wj, then gj = Pwjf, and we have / — '^j^j Pwjf- The sequence {Pwj}jeJ is called the 
/-dual sequence of {Wj}j,^j and W == {{Wj,Pw )}je.J is called /-basis system. 

In the next theorem we show that the operators of a /-dual sequence are continuous projections. 

Theorem 2.6. Let W ~ {Wj}jeJ be a f -basis for Ti, with f-dual sequence {Pw }jeJ- Then 

Pw,^B{H,Wj) and Pw^ Pw, = % Pw, Vi , j G J, 
where 6ij is the Kronecker delta. 
Proof. Define the space 

■^ =" {{.9j}je,7| 9j e Wj, ^gj is convergentj, 

with the norm defined by 

lltebe./ll = sup ^gj <oo. 






It is clear that A endowed with this norm, is a normcd space with respect to the pointwise operations. 
We show that the space ^ is a complete. Let {unjngN be a Cauchy sequence in A. If ?i„ = {gnj}je.Jj 
then given any e > 0, there exists a number N such that 



(5) ^ sup I ^{gni - 9mi) 

ior all m,n> N. This yields 



0<|F|<o^ .. 

FCJ i&F 



< e 



\gnj - 9nij\\ < sup y^idm ~ 5mj) 



0<|F|<oo II ^—i, 
FCJ i&F 



< s. 



for all j E J and m,n > N. It follows that {gnj}neN is a- Cauchy sequence in Wj and thus convergent. 
Let gj G Wj such that gj — lim„_j.oo 9nj and u = {djjjeJ- From (5), by letting m — J- 00, we obtain 



(6) sup VlSm-ffi) 

FCJ »eF 



<e 
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for all ri > A^. Moreover, for every finite subset F C J we have 

i£F ieF ieF 

- ^^P y~l(5^^~5i) + sup V'ffJVj 

0<|F|<oo II II 0<|F|<oo II 

FCJ ^fc-*^ FCJ ^fc-*^ 

which implies that u E A. Further (6) implies that the sequence {wnlngpi is convergent to u in A. This 
proves that ^ is a Banach space. Now define the mapping 

T:A^n with T({g,},ej)-^g,. 

Since W is a /-basis for H hence T is linear, one-to-one and onto. On the other hand, since 
l|r({.9jbe./)ll = yisJ < sup Vffj = \\{9j}j€j\\- 

II '—-' II 0<|F|<^ II -^ II 

Thus T is continuous and by open mapping theorem T^^ is also continuous. This shows that A and H 
are Banach spaces isomorphic. Now suppose that / — J2iej 9j is a fixed, arbitrary element of Ti and 
let J S J be arbitrary. Then we have 

\\PwJ\\^\\9,\\< sup \\J29^\\-\\T-'f\\<\\T-^\\f\\. 

This shows that each Pw is continuous and HPiv II ^ 11^ "'^11- Finally from Pw,9j = ^ij9j we have 
Pw.Pw, = SijPwj for aU i,i e J. D 

Let {Wj}ji^j be a /-basis for Ti, and let {Pw }je.J be the /-dual sequence of {Wj}j,^j. Then F-partial 
sum operator of {Wj}j^j defined by 

Sf-.H^H with Spf = Y, Pvv, f, 

jeF 

for all finite subset F d J. By Theorem 2.6, Sp is a bounded operator and 

(7) 1 < sup II^fII < oo. 



0<|F|<c 
FCJ 



Definition 2.7. Let {Wj}j^j be a sequence of closed subspaces of H. Then 

(i) {Wj}j^j is called a complete set for T-L/iil-i = span{Wj}jgj. 

(m) a family of operators {Qj G B{H,Wj) : j <E J} is called a /-biorthogonal sequence of 
{WjjjeJ, if Qi9j = Sij9j for aU i,j G J, gj G Wj. 
As a direct consequence of definition, {W^jljej is a complete set for "H, if and only if 

{/: nw.f = 0,je J} = {0}. 

Moreover it follows from the definition that if {Qj}jeJ is a /-biorthogonal sequence of {Wj}j:^j then 
every Qj is a projection from H onto Wj and QiTTWj = t^WjQI- 

The following theorem establishes a simple criterion for determining when a complete set is a /-basis. 

Theorem 2.8. A complete sequence of closed subspaces {Wj}j£j ofH is a f -basis for % if and only 
if there exists a constant M such that 

(8) llEs^^^^lE^^ 
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for all finite subsets F <Z G <Z J and arbitrary vectors gj G Wj. 

Proof. First suppose that {Wj}j^j is a /-basis for H and let M = supo<|F|<oo ||>S'f|1, then for aU finite 



FC J 



subsets F C G C J and arbitrary vectors gj G Wj we have 

\\J29j\\^pFiJ29M^M\\J29j\\- 

jeF jeG jeG 

To prove the opposite imphcation, let f ^ H. By hypothesis, there exist finite subsets F„ C Fn+i C J 
and vectors gnj S Wj for all n G N such that / = lini„_j.oo Sisf S'^j- ^°^ notational convenience, put 
Onj — for j ^ Fn, then for every m > n and j G Fn we have 



llSni - 9ni]\\ < M\\ ^ (g„i - gmi)\\ 
ieF„ 

< M^ll ^ {gni ~ gmi)\\ 

ieF^ 



This shows that {gnjjnGN is a Cauchy sequence in Wj and thus convergent. Let gj — lini„_^oo ffnj for 
some gj G Wj , then we have 

Now we show that this representation is unique. If "^j^j gj = 0, then for every finite subset F <Z J 
and j G F again from hypothesis, we have 

||g,||<M||^5,||^0. 
ieF 

This shows that gj = 0. Therefore {Wj}j^j is a /-basis for "H. D 

Suppose that {{Wj,Pw )}jeJ is a /-basis system for Ti. Then {Pw {^j)}jeJ is a family of closed 
subspaces of 'H. The following theorem shows that {{Pw i^j)iPw)}j&J i^ ''^^^'^ ^ /-basis system for 

n. 

Theorem 2.9. // {{Wj,Pwj)}jeJ is a f-basis system for Ti, then {{Pw.{Wj),P^.)}jej is also a 
f -basis system for %. 

Proof. First we prove that H = s^Ta{P^.{Wj)}je.j- To see this, let / ± spEa.{P^.{Wj)}j(ij. Then 

\\Pw,.f\?=<f.Pw,PwJ>^^. 

which implies that Pwjf = for all j G J. We also have / = ^j^j Pwjf — 0, hence H = 
span{P^^.(Wj)}jg,/. This shows that every f <E H has at least one representation of the form 
/ — ^j^j Pw 9j ^'^'' some sequence {gj : gj G Wj}j(zj. We show that this representation is unique. 
Assume that X^jsJ Pw 9i ~ *-*• Then we have 

Pw,9i ^PwS^ Pw, 9j) = 0, 
je.J 

for aU i G J. Therefore {P^. iWj)}j(zj is a /-basis for H. Since P^^Pw — ^^Pw f°'' ^^^ *'•? ^ '^ hence 
{Pj}jeJ is the /-dual sequence of {-P^v (^j)}je./- D 

Proposition 2.10. Every f-basis for a Hilbert space possesses a unique f -biorthogonal sequence. 
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Proof. Let {Wj}j^j be a /-basis for H with /-dual sequence {Pwj}j£j- By definition, {Pwj}jej is 
a /-biorthogonal sequence of {Wj}jeJ- Moreover, if {Qj}j(^j is another /-biorthogonal sequence of 
{Wj}j(zj, then for any f eH and i G J we have 

Q^f = Y. Q^P^^ / = E '^^J^^. / = ^^. /• 

Hence Qi ~ Pwi ■ D 

Definition 2.11. Let {Wj}j^j be a /-basis for H. We say that {Wj}j^j is a Bessel /-basis if whenever 
^j(£j9j converges, then {gj}jej G {J2jej®^j)e2- It is called a Hilbert /-basis, if the series J2jej 9j 
is convergent for aU {gjjjeJ e (Ejej ®^j)i?2- 

Theorem 2.12. {W^jljeJ 's a Bessel f -basis for Ti if and only if there exists a constant ^4 > such 
that 

^E 115.11'^ II E^.ir 

jeF jeF 

for any finite subset F <Z J and any arbitrary vectors gj G Wj . 

Proof. The sufficiency is trivial. Assume that {Wj}jizj is a Bessel /-basis and consider the space 

■^= [{9j}jej\ gj e Wj, ^gj is convergent |. 

By assumption ^ is a subspace of ( J^jeJ ^^j)/-^ ■ ^'^ show that A is closed. To see this, let {gnj}jeJ 
be a sequence in A such that converges to some {gj}jeJ G ( X^jej ®^j)^27 then gnj -^ gj for all j G J. 
Let _F C J be an arbitrary finite subset and let n e N, then we have 

IIE^jII ^ \\J2^9nj - gj)\\ + |iE-9"j|l- 

jeF jeF jeF 

It follows that '^j^jgj is Cauchy and hence convergent in "H, which implies that A is closed. Now 
define the operator T : A^'Hhy 

T{{gj}jej) = ^93- 
jeJ 

Then, it is obvious that T is linear, one-to-one. To show that T is a bounded, consider the sequence of 

bounded linear operators 

Tf -.A-fU, 7>({ffj}jej) = E 33 

3eF 

for all finite subset F C J. Clearly Tp ^ T pointwisc, so T is bounded by Banach-Stcinhaus Theorem. 
Now by Theorems 4.13 and 4.15 of [11] there exists a constant A > such that 

^Eii^.ii'^IIE^.f 

jeF jeF 

for any finite subset F d J and any arbitrary vectors gj G Wj . D 

Theorem 2.13. {Wj}jej is a Hilbert f -basis for %, if and only if there exists a constant B > such 
that 

jeF jeF 

for any finite subset F <Z J and any arbitrary vectors gj G Wj . 
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Proof. Suppose that {Wj}j^j is a Hilbert /-basis then the Banach-Steinhaus Theorem guarantees that 
the operator T : {^j^j(BWj)^2 -^ "H defined by T{{gj}ji^j) = J2je.j9j is bounded. Therefore there 
exists a constant B > such that 

jeF jGF 

for any finite subset F C J and any arbitrary vectors gj S Wj. The opposite conclusion is triviaL D 

Theorem 2.14. {{Wj,Pwj)}jeJ is a Bessel f -basis system if and only if {{P*{Wj)^P^.)}j,^j is a 
Hilbert f -basis system. 

Proof. Fix F C J with |F| < oo. First suppose that {Wj}j^j is a Bessel /-basis, then {Pw f}jeJ G 
( X^jej ®^i)^2 for all / e H. If / ~ J2jeF ^w 9j f^'' some vectors gj € Wj. Then we have 

WT^p^aM' = I < Lj2Ph9, > I' ^ (E ii^^./iiii^^,ff^-ii)' 

jeF jeF jeF 

<(Eii^-./in(Eii^^.5.ii')- 

jeJ jeF 

This shows that {P^. {Wj)}j^j is a Hilbert g-basis. For the other implication, assume that {P^. {Wj)}j^j 
is a Hilbert /-basis. If / = TljeFdi f*-"" some vectors gj G Wj^ then gj — Pwjf for all j E F. By 
Theorem 2.6 and Theorem 2.13 there exists a constant B > such that 

\\T.Pw,Pwjf <Bj2\\Pwjr = B< f,Y.phPwJ > 

jGF jeF j£F 



<B\\f WW J2Pw,PwJ\ 



jGF 



Hence, 



We also have 



IIE^^,^w,/||<i?IIEff.-ll- 

jeF jeF 

E ii5.li' = E ii^^./ii' =< f^J2Pw,Pwj > 

jeF jeF jeF 

<\\T.^MT.Pw,Pwj\\<B\\J2g,\\'. 
jeF jeF jeF 

Now applying Theorem 2.12 the result follows at once. D 

3. Orthonormal Fusion Bases and Riesz Fusion Bases 

In this section, we develop a theory of orthonormal fusion bases and Riesz fusion bases for the Hilbert 
spaces. 

Definition 3.1. Let W = {Wj}je.j be a sequence of closed subspaces of %. Then 

(z) yV is called an orthonormal fusion system or simply a orthonormal /-system for "H, if {t:w }ie.J 
is a /-biorthogonal sequence of W. That is 

T^w.gj ^ Stjgj \fi,j e J,gj eWj. 

(ii) W is called an orthonormal /-basis for "H, if it is a complete orthonormal /-system for Ti. 
Example 3.2. Let {eijieN be an orthonormal basis for Ti. Then 
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(i) If for each j G N define the subspace Wj C 'H by 

Wj = span{e2j_i + e2j} and ttw, {f)^^< I, 62^-1 + £2^ > (62^-1 + 62^). 

Then it is easily checked that {Wj}j£n is an orthonormal /-system for %. But it is not an 
ortho normal /-basis for %. 
(a) If for each j G N define the subspace Wj C "H by 

Wj = span{e2j-i, e2j} and ttw^ if) =< /, 62^-1 > £2^-1+ < /, e2j > e2j. 
Then {WjjjeN is an orthonormal /-basis for Ti. 
The following theorem shows that every orthonormal /-basis is a Bessel and Hilbert /-basis for 7i. 

Theorem 3.3. Let {Wj}j,=j be an orthonormal f -system for %, then the series "^j^j gj converges if 
and only if {gj}jej G {'^ j (= j ®Wj) .^ and in this case 

Proof. For every finite subset F a J we have 

II E^ill == EE < ^w,9j,gi >== EE < ^v9j,gt >= E ii^.ii^- 

jGF jGFieF jeFieF jeF 

From this the result follows. D 

Theorem 3.4. [Bessel's inequality) If {Wj}j(^j is an orthonormal f -system for %. Then 

Y.hwJ\?<\\ff for all fen. 

Proof. Let / G H. Fix F C J with |F| < 00. Then By Theorem 3.3 we have 

Il2 

f-J29,\\ =ll./f -E <^wj,gj >-E <5j'^i^,/>+E 115.11' 
j&F jeF jeF jeF 

= ii./f-Eii^>^./ii' + Eii^>^./"5.ii' 

jeF jGF 

for arbitrary vectors gj G Wj. In particular, if gj ~ t:w- f , then 

11/ -E^>^./ir= 11/11' -Eii^>^./ii'- 

jeF j£F 

From this we have Yjj^f W^wJW^ < ||/||^, which implies that J2jeJ ll^^-j/lP < II/IP- □ 

Corollary 3.5. If{Wj}j^j is an orthonormal f -system for ?{, then for all f e H the series X^iej^Wj/ 
convergent and 

II -f Y^ f l|2 ^ \\ r Y^ ||2 

for all {g,},e.J e {E,eJ®Wj)p- 

Theorem 3.6. Let W = {Wj}je.l ^^ 0,^ orthonormal f -system for %. Then the following conditions 
are equivalent: 

(i) W is an orthonormal f -basis for T-L. 
i^i) f^E,e.J^wJ yf^n. 



NEW CHARACTERIZATIONS OF FUSION BASES AND RIESZ FUSION BASES 9 

(iv) If TTw- / = for all j G J , then / = 0. 

Proof. The implication (i) => (ii) follows immediately from. Corollary 3.5. The implications (m) => 
(iii) => (iv) are obvious. To prove (iv) => (i) suppose that / _L span{Wj}jgj, then for every j G J we 
have ||7rTv_j/|p =< f,TrWjf >= which implies that / = 0. Therefore Ti = span{Wj}ji=,j. D 

Theorem 3.7. Let {{Wj, Pw )}jeJ ^^ (^ f-basis system for % and let T : % ^ fC he a hounded 
invertible operator such that Vj = TWj and Qy. ~ TPw T~^ for all j G J. Then {{Vj,Qv )}jeJ ^^ ^ 
f -basis system for JC. 

Proof. Suppose that / G /C, then we can write / = Tg for some g € Ti. By hypothesis g has an unique 
expansion to form g = X^ie 9j ^'-"" some sequence {gj : gj G Wj}j,^j which implies that / has an unique 
expansion of the form / — J2j(aj fj ^i^^i fj = Tgj for all j G J. We also have 

Qvjj = TPw,T-\f, = T{S,,T-\f,) = S,,f, 

for arbitrary sequence {fj : fj G Vj}j,=j. From this the result follows. D 

Definition 3.8. Let {Wj}j^j be a sequence of closed subspaces of H, then W ~ {Wj}j^j is called a 
Riesz fusion basis or simply Riesz /-basis for T-l if there is an orthonormal /-basis {Vj}j,=j for Ti and 
a bounded invertible linear operator T on H such that TVj = Wj for all j G J. By Theorem 3.7 if 
{Pw }jeJ is /-dual sequence of {Wj}j^j, then Pw — Tttv-T^^ for all j G J. 

Example 3.9. Let {fj}j£j — {T{ej)}j^j be a Riesz basis for H and let Wj — span{/j} for all j G J. 
Then W = {Wj}j(zj is a Riesz /-basis for H. Because if Vj — spanjej}, then {Vjjj^j is an orthonormal 
/-basis and Wj = TVj for all j G J. 

Corollary 3.10. If {{Wj,Pw)}jeJ ^-^ o, Riesz f-basis system for H. Then 

0< inf ||Pw-,|| <sup||Pm/,|| < ^. 
jeJ jeJ 

Proof. According to the definition we can write {Wj}jizj — {TVj}j,=j, where T is a bounded invertible 
operator and {Vj}j,=j is an orthonormal /-basis for "H. Since for every j G J we have 

iiT-^ir^iiTiri<iiPw,ii<iiriiiiT-i||. 

Hence from this the result follows. D 

Proposition 3.11. Let {Wj}j^j = {TVj}j^j be a Riesz f-basis for TL and let {fj : fj G Vj}j^j and 
{gj : gj G Wj}ji^j be sequences in % such that gj = T fj for all j G J . Then X^iej 9j *'^ convergent if 
and only if^j^jfj is convergent. 

Proof. This follows immediately from the fact that for each finite subset F C J we have 

l|r-i|rU]/,||< 11^5,11 <||T||||^/,||. 

jeF jGF jeF 

D 

Definition 3.12. A family of bounded operators {Tj}j^j on TL is called a resolution of the identity 
on H, if for aU f E TL we have / = J2jeJ '^i-f- 

The following result shows another way to obtain a resolution of the identity from a Riesz /-basis. 

Proposition 3.13. Let {Wj}j^j = {TVj}j^j be a Riesz f-basis for H. Then 
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(j) {Sj}je,j defined by Sj = T^^TTy^.T, j ^ J is a resolution of the identity on %. 
(ii) {Uj}je.j defined by Uj — r*7ry. (T*)^^, j E J is a resolution of the identity on %. 
[Hi) {Rj}jt^j defined by Rj — (T*)^^ttvjT* , j E J is a resolution of the identity on %. 

Proof. This follows immediately from, the definition. D 

To check Riesz /-baseness of a family of closed subspaces {Wi}ig/, we derive the following useful 
characterization. 

Theorem 3.14. Let {W^j}jej be a family of closed subspaces ofH. Then the following statements are 
equivalent. 

(j) {Wj}j:^j is a Riesz f -basis for %. 
{ii) There is an equivalent inner product on T-i, with respect to which the sequence {Wj}ji=,j becomes 

an orthonormal f -basis for %. 
{Hi) The family {Wj}jg j is complete for % and there exist positive constants A, B such that for any 
finite subset F G J and arbitrary vectors gj G Wj , we have 

^Eii-9.ii'<IIE-9.ir<^Eii.9.ii'- 

jeF jeF jeF 

Proof. («) =^ {ii) Assume that {Wj}j(:,j is a Riesz /-basis, and write it in the form {TVj}j£j as in the 
definition. Define a new inner product < ., . >t on Ti by 

</,.9>T=<T-i/,r-ig> yf,gen. 

If ||.||t is the norm generated by this inner product, then for all / £ "H we have 

iiTiri/ii<ii/iiT<iir-i|iii/ii, 

which implies that the new inner product is equivalent to the original one. Let {Pw }je.i be /-dual 
sequence of {Wj}jej, then we have 

< PwJ,9 >T -< T7:v,T-\f,g >t-< 7rv^T-\f,T-'g > 

=< T-\f,TTv,T-'g >-< f,Pw,g >T . 

It follows that P\Y : H — > Wj is an orthogonal projection with respect to < ., . >t, thus {Wj}j^j is 
an orthonormal /-basis with respect to inner product < ., . >t- 

(ii) => {Hi) Suppose that < ., . >i is an equivalent inner product on Ti and let {Wj}jqj be an 
orthonormal /-basis with respect to < ., . >i. Then there exist positive constants m, M such that 

m||/||<||/||i<Af 11/11 V/eH. 

For any finite subset F G J and arbitrary sequence {gj : gj e Wj}j,=j we obtain 

^ E 115^11' ^ l^ E WaAl = ]^ II E 5^11? 

jeF jeF jeF 

^ II Y^ l|2 ^ 1 II V^ ||2 

< / 9i\\ < — ^ / 37 1 
jeF jeF 

AEibii?<^Eii5.r- 



jeF jeF 
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{Hi) => (i) Let {Vj}jizj be an arbitrary orthonornial /-basis for T-l. Define the mapping 
T-.n^n, with T7:vJ = 7rwJ V/ G H, j e J. 
For every sequence {fj : fj G Vj}j(=j we have 

jeJ jeJ je.J jeJ 

it follows that T is a bounded linear operator on TL. Similarly, define the mapping 

S:H^H, with SttwJ^ttvJ ^feU^jeJ. 
We also obtain 

II n/\~^ \ l|2 II V^ II 2 , V^ II II 2 ^ 111 V^ II 2 

jeJ jGJ je.J jeJ 

for any sequence {gj : gj G Wj}ji^j. Since {Wj}j,=j is complete thus 5* is also a linear bounded 
operator on H and TS = ST = Id-u- Hence T is invertible and TVj = Wj for all j e J. D 

Corollary 3.15. {Wj}ji^j is a Riesz f -basis for % if and only if it is both a Bessel f -basis and a 
Hilbert f -basis for Ti. 

Corollary 3.16. Let {Wj}j^j be a family of closed subspaces of % and for each j E J let {eij}i^i. be 
an orthonornial basis for each subspace Wj . Then the following conditions are equivalent. 

(i) {Wj}j£j is a Riesz f -basis for %. 
{a) {cij}jeJ,iei is '^ Riesz basis for %. 

Proof, (i) ^ (m) Assume that {Wj}j^j is a Riesz /-basis, then by Theorem 3.14 there exist constants 
A,B>0 such that for any finite subset F C J and arbitrary vectors gj G Wj 

jeF jeF jeF 

Let F (Z J and Gj C Ij be arbitrary finite subsets, then for all arbitrary scalars {cij}j^F,i£G we have 

^Z^Z^ l%'l = "^Z^ II Z^ Cy'SijII < II 2^ 2.^ Cijeyll 
jeFieGj jeF ieGj jeFieOj 

< ^E II E ^^j-e^^f = ^E E Ni'- 

jeF ieGj jeF ieGj 

By [4, Theorem 3.6.6] {cij^j^jsei is a Riesz basis for %. 

{ii) => (i) Suppose that {eij}j^j^i^i. is a Riesz basis for H, by [4, Theorem 3.6.6] there exist constants 
A, B > such that for any finite subsets F C J, Gj C Ij and arbitrary scalars {cij}j£F.ieG 

'^Y.Yl i^'^i' ^ II E E ^^^-^^jf ^^Y^Y. i^^^i'- 

jeFieGj jeFieGj jeFieGj 

Assume that {gj : gj G Wj}j£j is an arbitrary sequence, then we have 



^E Il5jll' = ^E E I < 9,^e,j > P < II E E < 5J'e^J > 
jeF jeFieij jeFiei, 

^ ^ E E I < 3^' ^*^- > I' = ^ E iiff^n'- 

jeFieij jeF 



l|2 

P ■ ■ 
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Now we observe that 

El|2 II V^ V^ ||2 

9j\\ = II Z^Z^ <5j:ejj >eij\\ . 

jeF jeFieij 

By Theorem 3.14 the resuh follows at once. D 

Let us introduce a result due to Gavruta [8, Theorem 2.4]. 

Theorem 3.17. Let {{Vj, aj)}j^j be a fusion frame with fusion frame bounds C\ D. If T : % ^ % is 
an invertible operator, then {{TVj, aj)}j^j is a fusion frame with fusion frame bounds 

C||T|r2|[T-i||-2 and D\\Tf\\T-^f. 

Corollary 3.18. // {Wj}j£j is a Riesz f -basis for % then {{Wj, l)}jgj is a 1-uniform fusion frame 
with fusion frame bounds 

\\T\\-^\\T-^\\-^ and WTfWT-^f . 

A fusion frame {(Wj,q:j)}ji=j is called exact, if it ceases to be a fusion frame whenever anyone of 
its element is deleted. 

Theorem 3.19. Let {Wj^jqj be a Riesz f -basis for %, then {(Wj, l)}j£,/ is a 1-uniform exact fusion 
frame for %. But the opposite implication is not valid. 

Proof. Let {eijjig/. be an orthonormal basis for Wj for all j £ J . Then by Theorem 3.16, {cij^j^jsei 
is a Riesz basis for "H and hence it is an exact frame. Now by [3, Lemma 4.5] {(Wj, 1)}jgJ is a 1- 
uniform exact fusion frame for %. For the opposite implication is not valid suppose that {eijigz is an 
orthonormal basis for % and define the subspaces Wi and W2 by 

Wi = spm{ei}i>o and W2 = span{ei}i<o. 

Then {(Wi, 1), (W2, 1)} is a 1-uniform exact fusion frame but is not a Riesz /-basis for %. D 

4. The Stability of /-bases under perturbations 

The stability of bases is important in practice and is therefore studied widely by many authors, e.g., 
see [13]. In this section we study the stability of /-bases for a Hilbert space %. First we generalized a 
result of Paley- Wiener [13] to the situation of /-basis. 

Theorem 4.1. Let {Wjjjgj be a f -basis for % and suppose that {V^jjej is a family of closed subspaces 
of % such that 

\\^{9]~ f3)\\ < A||^5j 

jGF jeF 

for some constant A, < A < 1 and any finite subset F <Z J and arbitrary vectors Qj G Wj,fj G Vj. 
Then {V^jjej is a f -basis for %. 

Proof. For all sequences {gj : Qj G Wj}j^j and {fj : fj G Vj}j^j it follows by assumption that the 
series X^jejCffi ^ fj) is convergent whenever the series '^j^jQj is convergent. Define the mapping 

T-.H^H, with TiTWjf ^ TTWjf - T^Vjf V/ G "H, j e J. 

Let / = X^jejSj be an arbitrary element of ^H for some sequence {gj : gj G Wjjjgj, then 

11^/11 = II E^ff^-'^^.ff^)!!^ ^11/11- 



NEW CHARACTERIZATIONS OF FUSION BASES AND RIESZ FUSION BASES 13 

It follows that T is a bounded linear operator on H and ||r|| < A < 1. Thus the operator Id-u — T is 
invertible. Since (Id-u — T)Wj = Vj for every j E J hence by Theorem 3.7 the result follows. D 

A family of subspaces {Wj}j^j of H is called minimal, if Wi n span ^j ^ / {VFj} = {0} for all i E J. 

Proposition 4.2. Let {Wj}ji=,j be a sequence of closed subspaces ofH. Then 

(i) {Wj}j£j has a f-biorthogonal sequence, if and only if it is minimal, 
(ii) The f-biorthogonal sequence of {Wj}j^j is unique if and only if it is complete. 

Proof. For the proof of (i) suppose that {Pw }jeJ is a /-biorthogonal sequence of {Wj}j^j and let 
f EWi nspan{VFj}jej, for any given i E J. Then there exists a sequence {gj : gj E Wj}j^j such that 
f = gi — ^iej, gj. We also have 



f = 9i = Pw,9i = ^ Pw,9j == ^ S^jgj = 0, 



jeJ, jeJ, 



which implies that f — 0. That is, {Wj}j^j is minimal. For the opposite implication in (i), suppose 
that {Wj}j(=j is minimal, and let Hq = spa.n{Wj}je.j, then {Wj}jeJ is a /-basis for TLq. Let {Pw }jeJ 
be /-dual sequence of {Wj}j^j for Hq. If we define Pw = Pw-T^Ho for ^H 3 •= J- Then {Pw }jeJ is a 
/-biorthogonal sequence for {Wj}j^j. 

{ii) Let {Pwj}j£.j be a /-biorthogonal sequence of {Wj}je.j. If {Wj}je.j is not complete, then the 
sequence {Qwj }j£.i defined by Qwj — Pw, +Pwj {Idn^T^Ua) for ah j G J, is a /-biorthogonal sequence 
for {Wj{j^j. For the other implication in {ii), assume that {Wj}j^j is complete. If ^j^j gj = for 
any given sequence {gj : gj E Wj}ji^j, then for every i E J wc have 

9z^Yl ^ii9j = Yl ^^^Sj = Pw, {Y^ gj) = 0. 

This shows that {Wj}jej is a /-basis for TL. Now the conclusion follows from Proposition 2.10. D 

Theorem 4.3. Let {{Wj, Pw )}jieJ ^^ o, f -basis system for T-L, and suppose that {V^}je.7 is a family 
of closed subspaces ofH. -(/"{Qy }jeJ ^^ '^ f-biorthogonal sequence of {Vj}j^j such that 

II Y^P^.f- Qv.f)\\ ^ ^11 E P^.fW ^/ ^ ^ 

jGF jGF 

for some constant A, < A < 1 and any finite subset F C J . Then {V^jjeJ *s o, f -basis for Ti. 

Proof. Define the mapping 

T-.n^n, with TPw,f ^Pw,I -QvJ VfEH, jEJ. 

Then the operator Ld-u — T is invertible and {Id-u — T)Wj ~ Vj for every j E J hence by Theorem 3.7 
the result follows. D 



Acknowledgements: The author express his gratitude to the referee for carefully reading of the 
manuscript and giving useful comments. 



14 m. s. asgari 

References 

[1] M. S. Asgari, New characterizations of fusion frames (frames of subspaces), Proc. Indian Acad. Sci. (Math. Sci.) 

119 no. 3 (2009), 1-14. 
[2] M. S. Asgari, On the stabihty of fusion frames (frames of subspaces), Acta Math. Sci. Ser. B, 31(4), (2011), 1633- 

1642. 
[3] P. G. Casazza and G. Kutyniok, Frames of subspaces, in "Wavelets, Frames and Operator Theory" (College Park, 

MD, 2003), Contemp. Math. 345, Amer. Math. Soc. Providence, RI, 2004, 87-113. 
[4] O. Christensen, An Introduction to frames and Riesz Bases, Birkhauser, Boston, 2003. 
[5] I. Daubechies, A. Grossmann and Y. Meyer, Painless nonorthogonal expansions, J. Math. Phys. 27(1986), 1271- 

1283. 
[6] R. J. Duffin and A. C. Schaeffer, A class of nonharmonic Fourier series. Trans. Amer. Math. Soc. 72,(2), (1952), 

341-366. 
[7] M. Fornasier, Quasi-orthogonal decompositions of structured frames, J. Math. Anal. Appl. 289 (2004), 180-199. 
[8] P. Gavruta, On the duality of fusion frames, J. Math. Anal. Appl. 333 (2007), 871-879. 

[9] J.R. Holub, Pre-frame operators, Besselian frames and near-Riesz bases in Hilbert spaces, Proc. Amer. Math. Soc. 
122 (1994) 779-785. 
[10] V. Kaftal, D. R. Larson and Sh. Zhang, Operator-valued frames. Trans. Amer. Math. Soc. 361 (2009), 6349-6385. 
[11] W. Rudin, Functional Analysis, McGrawHill. Inc, New York, (1991). 
[12] W. Sun, G-frames and G-Riesz bases, J. Math. Anal. Appl. (2006), 322, 437-452. 
[13] R. Young, An Introduction to Nonharmonic Fourier Series, Academic Press, New York, 2001. 

Department of Mathematics, Faculty of Science, Islamic Azad University, Central Tehran Branch, 
P.O.Box 13185/768, Tehran, Iran. 

E-mail address: msasgariSyahoo . com moh.asgariaiauctb.ac.ir 



